A model for investigating the solute transport into a sub-aqueous sediment bed, under an imposed standing water surface wave, is developed. Under the assumption of Darcy flow in the bed, a model based on a two-dimensional, unsteady advection-diffusion equation is derived; the relative roles of the advective and diffusive transport are characterized by a Peclet number, Pe. Two solutions for the equation are developed. The first is a basic control volume method using the power-law scheme. The second is a smear-free, modified upwind solution for the special case of Pe ! 1. Results, at a given time step, are reported in terms of a laterally averaged solute verse depth profile. The main result of the paper is to demonstrate that the one-dimensional solute concentration verse depth profile is essentially independent of any numerical dissipation present in the solute field predictions. This demonstration is achieved by (i) using an extensive grid refinement study, and (ii) by comparing Pe ! 1 predictions obtained with the basic and smear-free solutions.
Introduction
A critical environmental problem is the transfer of water-borne solute components from the water to the saturated sediment beds of lakes, reservoirs, and streams [1] . In a case where flow is quiescent, and the bed and water surfaces flat, the solute transport into the bed is controlled by molecular diffusion. If, on the other hand, the water surface has a wave motion or there are bed forms the resulting pressure differences along the bed surface will establish a flow field in the sediments [2] this flow field will enhance the transport of the solute into the sediment bed. In this context, an interesting research question is the quantification of the relative contribution of the advection and diffusion transport of the solute. If the flow field results from a standing wave of amplitude a (m), the relative contributions can be quantified by a Peclet number defined as 1. By an extensive grid refinement study it is shown that, although at high Peclet numbers numerical dissipation is clearly evident in solute field predictions, its effect is suppressed in the process leading to the construction of the averaged concentration profile. 2. In the case of an infinite Peclet number a smear-free solution is constructed. It is then shown, for a range of time steps, that the averaged concentration profiles, constructed from this solution, are in very close agreement with the averaged concentration profiles derived from calculations where smearing is clearly present. 
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Problem definition
Problem setup
As an example problem of solute transport in sub-aqueous sediments, consider a waterbody with a surface cosine standing wave of wave-length L. The domain of interest schematically shown in Fig. 2 is a two-dimension L · L section of the sediment bed. The standing wave will lead to a fixed head distribution along the sediment water interface (y = 0) that in turn will drive a flow through the sediment bed. In the analysis the sides and bottom of the sediment bed domain are no-flow boundaries. The sediment bed is assumed to be saturated, isotropic and homogeneous. The initial condition is a dimensionless concentration of C = 1 in the water and a dimensionless concentration of C = 0 in the sediment. The dimensionless concentration of C = 1 is assumed to be maintained along the sediment/water interface.
The calculation of the average solute concentration profile in the sediment at a given time t, comprises three steps:
1. Solution for the steady state flow field in the sediment. 2. Solution of the transient advection-diffusion equation for the solute concentration distribution C(x, y, t). 3. Calculation, at specified times, of the laterally averaged solute concentration depth profile Cðy; tÞ. [10] where u(x, y) is the x-direction velocity component, v(x, y) is the y-direction velocity component, U is the head (mm), and K is the isotropic hydraulic conductivity (mm/s). Since the sediment is homogeneous and isotropic conservation of mass leads to the following equation in U:
Along the sediment water interface
and on the sides (x = 0 and x = L) and bottom (y = L) the no-flow condition
holds; n is in the direction of the outward pointing normal.
Solute transport
The transport of solute in the sediment is described by the unsteady two-dimensional advection-diffusion equation is imposed. The initial condition is C(x, y, 0) = 0.
Averaged concentration depth profile
The average concentration profile verse depth is determined using the dimensionless parameters
Then, for given time t * , the average concentration profile with depth is calculated from 
Numerical discretization
The sediment bed is discretized using an N · N square control volume; Fig. 3 shows the arrangement of control volume at an internal point. The head and concentrations are stored at the nodes (located at the volume centers) and fluid velocity components are stored at the face midpoints, see Fig. 3 . The neighbor cells are defined as east, west, north and south respectively (note in this arrangement south is in the positive y direction).
Flow solution
On the grid in Fig. 3 the finite different approximation of Eq. (2.2) is
ð3:1aÞ
Along the top row ( j = 1), the equation is
to account for the fixed head value one-half spacing to the north, see Eq. (2.3a). Along the sides (i = 1 and i = N) and the bottom (j = N), Eq. (3.1a) needs to modified to account for the no-flow condition, Eq. (2.3b), e.g., on j = N
These equations are solved by a Gauss-Seidel iteration method [11] . After solution ''decoration'' to ensure the no-flow condition is made, e.g., on the side i = 1 the setting U 0,j = U 1,j is made. Following the solution of (3.1) the velocity field is determined by a central difference scheme of Eqs. (2.1) i.e., 
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Note along the no-flow sides this calculation will give a zero flow velocity. Along the sediment-water interface the v velocity component is calculated as
Although there is no significant loss in accuracy in using the above numerical solution for the flow equation it is noted that an exact numerical solution can also be used, see Packman et al. [1] .
Solute transport solution
Following Patankar [3] the advection-diffusion transport equation is discretized using a fully implicit time stepping scheme and a power-law approximation for the advection terms, with reference to Fig. 3 a 
ð3:4aÞ
Along no-flow boundaries the appropriate coefficient is set to zero, e.g., on i = L a e = 0. On the top boundary (j = 1), to account for the half spacing a n ¼ maxðv i;0 D; 0Þ þ 2D Â max½0; ð1 À 0:1P n Þ 5 : ð3:4bÞ
In Eqs. (3.4) the terms P are the cell Peclet numbers, e.g., P w ¼ j
j. In each time step Eq. (3.3) is solved using Gauss-Seidel iteration. From the resulting concentration field the current laterally averaged concentration at depth y Ã ¼ j N can be calculated as
For later use note that when a large Peclet number is used the coefficients in (3.4) reduce to the upwind scheme, e.g., a w = max(u iÀ1,j D, 0), a condition that can also be written as
Sharp interface solution for large Peclet number
A known problem with the advection-diffusion scheme in Section 3.3 is that, at high Peclet number, it will suffer from numerical dissipation [4] . In particular, as Pe ! 1, in contrast to the physical solution where a sharp interface between the regions where C = 1 and C = 0 exists, the scheme will predict a smeared interface; i.e., a number of adjacent numerical cells will have nodal concentrations in the range 0 < C P < 1. In the case of Pe ! 1, however, it is possible to construct a modified version of the scheme in (3.3) that will predict a sharp interface. This approach utilized two devices:
1. a modified upwind treatment of the advection terms and 2. an explicit time integration with a variable time step.
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Modified upwind scheme
In a sharp interface solution for the Pe ! 1 case, a line of computational cells normal to the filling front should include one and only one cell with a concentration strictly within the limits 0 < C P < 1. This situation is arrived at by imposing the condition that solute can not be transported from a cell partially filled with solute, 0 < C P < 1, to a neighboring cell which contains no solute C nb = 0. Note, this condition does allow inter-cell solute transport whenever at least one of cells is full, C p or nb = 1, or if both cell have a partial solute content, C p or nb > 0. This condition is imposed in the numerical solution by using the explicit time stepping scheme the coefficient associated with node p is calculated as Note that, (1) when the conditions in the parenthesis, e.g., (C p > 0 or C old iþ1;j ¼ 1) are dropped the upwind scheme, Eq. (3.6), is recovered. (2) Conservation has not been used in calculating the a p coefficient; simply setting this coefficient to be the sum of the neighboring coefficients (see Eq. (3.4a)) will result in error. (3) This scheme will allow for flow from an empty cell, which appears to contradict the proposed condition given above. In such a case, however, since C = 0 in the donor cell, this flow carries no information.
The variable time step
A naïve solution of Eq. (3.7) with the coefficients given by (3.8) will result in some cells becoming over filled with solute, i.e., as the scheme stands the prediction of nodal solute values in excess of C p > 1 could occur. This will happen when a cell reaches a value of C p = 1 during a time step. Ideally when this value is reached, the corresponding cell should be allowed to communicate solute to its empty neighbors. Since the setting of the coefficients is based on the old time concentration values, however, this communication is not switched on until the time step completed. The net result is that the cell can not empty and an excess of solute is deposited.
A u t h o r ' s p e r s o n a l c o p y
This situation is avoided by using a variable time step to ensure that cells always reach the value C p = 1 at the end of a time step; an idea borrowed from the polymer mold filing literature, see [12] . In this way, for a given time step, the solution of (3.7) has the following steps:
1. The coefficients are calculated from Eqs. (3.8). 2. A nodal field of time steps is calculated from
Note this is effectively a reworked version of (3.7) with the setting C i,j = 1 and the inclusion of the small constant, 10 À16 , to avoid divisions by zero. In practice, at the end of a time step (1) to avoid excessively small time steps, nodal values C p > 0.999 are set to C P = 1, and (2) to avoid leaking from previously filled cells, the setting C p = 1 is made in each cell where C 
Results
The test problem has the following settings; wave amplitude a = 0.1 m, wave length L = 1 m, and hydraulic conductivity K = 0.1 mm/s. Simulations for a specific Peclet number, Pe, are made by selecting the molecular diffusion coefficient D from Eq. (1.1) i.e. D = Ka/Pe. Hence the set of simulations is used to investigate the effect of a given wave geometry on the solute transport into beds with differing values of molecular diffusion. 
Potential head and velocity field
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Solute concentration distributions
Concentration distributions predicted with the time implicit scheme of Eq. (3.3), at selected dimensionless times and a range of Peclet numbers are shown in Figs. 6-9 ; all results shown are with a grid of 50 · 50 control volumes. At low Peclet number, e.g. Pe = 1 in Fig. 6 , the solute transport is diffusion dominated. This is seen by the rapid penetration and spreading of the concentration field and the close to horizontal iso-concentration lines. As the Peclet number increases (i.e., the value of molecular diffusion decreases), the rate of penetration of the solute into the bed and the rate of spreading of the solute field decreases. In addition the iso-concentration lines move away from the horizontal and begin to be influence by the flow field, see Figs. 7-9. These results also show the influence of numerical dissipation. Whereas the spreading of the concentration field is expected at relatively large values of molecular diffusion (small Pe), as diffusion decreases (Pe becomes large) the spreading should decrease, vanishing completely as Pe ! 1. The results in Figs. 8 (Pe = 100) and 9 (Pe ! 1) clearly show, however, that the numerical results at high Peclet number still predict a non-physical and significant spreading of the solute field. 
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Averaged concentration depth profiles
Putting aside for the moment, problems associated with high Peclet numbers, the calculation of the laterally averaged concentration profile with depth, see Eq. (3.5), can be used to indicate the influence of Peclet number on the rate of penetration of the solute into the sediment bed. Fig. 10 shows the averaged profiles at dimensionless time t * = 10 for Pe = 1, 10, 100 and 1.
In the context of the results in Fig. 10 the question to be answered is: Does the use of laterally averaged concentration profiles, using Eq. (3.5), provide a quantitative understanding of the relative roles of molecule diffusion and advection in controlling the transport of solute into sub-aqueous sediment deposits or does the effect of the numerical dissipation at high Peclet numbers undermine the ability to gain any useful information from these profiles.
The contention in this paper is that these profiles do provide a quantitative assessment of the relative nature of the diffusion and advection transport in sub-aqueous sediment beds. This contention is supported in the 
Discussion of numerical dissipation effects
Grid dependent study
The most basic demonstration to indicate independence of the predicted averaged concentration profile from numerical dissipation is a grid refinement study. When the grid is refined one would expect the level of numerical dissipation in the predictions of the solute field to be reduced. At high Peclet numbers this is clearly the case. The left-hand side of Fig. 11 shows the concentration distribution when Pe ! 1 at dimensionless time t * = 10 calculated on grids of 50 · 50, 100 · 100 and 200 · 200, respectively. These results show a dependence on grid size. As the grid size is decreased (N increased) the thickness of the band of smearing, concentrations 0.99 > C > 0.01 decreases. This grid effect is most prominent at high Peclet numbers. For example at Pe = 10 (see the right hand side of Fig. 11 ) there is no discernable difference between concentration fields calculated on the 50 · 50 grid and 200 · 200 grid. This is due to the fact that at Pe = 10 the physical molecular diffusion is far larger than the numerical dissipation.
Unlike the prediction of the concentration fields, however, the calculation of the laterality averaged concentrations at large Peclet numbers essentially shows no dependence on the grid size, i.e. (Fig. 12) . The strong dependence seen in the Pe ! 1 predictions of the corresponding concentration field, Fig. 9 , is effectively eliminated by the averaging procedure of Eq. (3.5).
5.2.
Calculations made with the modified upwind scheme (Pe ! 1) Fig. 13 shows time snapshots of the concentration field calculated with the modified up-wind scheme (see Section 3.4) on a 200 · 200 grid. The smearing is restricted to a region no more than one numerical cell size in width, indicating numerical dissipation-free results. Note that predictions still remain smear-free on a coarser grid (100 · 100) say. In this case, however, since the cells are twice as large the width of the ''front'' is doubled. Further, due to the calculation of the time step, see (3.9) and (3.10), larger cells will also result in times step on the order of four times larger. In Fig. 14 , the resulting laterally averaged concentration predictions from the fields in Fig. 13 are compared with those obtained with the basic solution of Fig. 9 . This comparison indicates some slight differences with the averages obtained from ''smeared'' concentration field predictions in which numerical dissipation has not been eliminated. Nevertheless it is reasonable to conclude that the averaging procedure in Eq. (3.5) does effectively remove the influence of numerical dissipation. . It is noted that at high Peclet numbers a basic numerical solution of the advection-diffusion equation suffers from numerical dissipation. The main purpose of the work in this paper has been to demonstrate that the numerical dissipation in the two-dimensional solute field predictions are effectively eliminated by the averaging procedure used to arrive at the averaged depth profile. This was demonstrated in two ways:
1. An extensive grid study showed little effect on depth profile predictions with increasing grid refinement. 2. The development of a flux corrected smear-free, modified upwind solution for the special case of Pe ! 1 resulted in laterally averaged depth profiles that were in very close agreement with those obtained from concentration fields predicted with basic non-modified solutions of the advection-diffusion transport equation.
The bottom line is that, the calculation of a laterally averaged, one-dimensional, concentration profile verse depth essentially suppresses any numerical dissipation effects. Hence, such profiles can be used, with confi- . Solute concentration field in the sediment bed for different dimensionless times (t * ) for Pe ! 1: the flux corrected smear-free upwind scheme is used (cf. Fig. 9 ).
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dence, in determining the relative roles of molecular diffusion and advection in the solute transport into sub-aqueous sediment beds. This application will be explored fully in further work.
Acknowledgements
This work was supported by the STC program of the National Science Foundation via the National Center for Earth-Surface Dynamics under the agreement Number EAR -0120914. 
